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ON THE NON-VANISHING OF GENERALIZED KATO CLASSES FOR
ELLIPTIC CURVES OF RANK 2
FRANCESC CASTELLA AND MING-LUN HSIEH
Abstract. We prove the first cases of a conjecture by Darmon–Rotger on the non-vanishing
of generalized Kato classes attached to elliptic curves E over Q of rank 2. Our method also
shows that the non-vanishing of generalized Kato classes implies that the p-adic Selmer group
of E is 2-dimensional. The main novelty in the proof is a formula for the leading term at the
trivial character of an anticyclotomic p-adic L-function attached to E in terms of the derived
p-adic height of generalized Kato classes and an enhanced p-adic regulator.
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1. Introduction
1.1. Motivating question. Let E be an elliptic curve overQ (hence modular by [BCDT01]),
and let L(E, s) be its Hasse–Weil L-series. A major advance towards the Birch and Swinnerton-
Dyer conjecture was the proof by Gross–Zagier [GZ86] and Kolyvagin [Kol88] of the implica-
tion
(1.1) ords=1L(E, s) = 1 =⇒ ords=1L(E, s) = rankZE(Q)
The proof of (1.1) resorts to choosing an imaginary quadratic field K for which the construc-
tion of Heegner points on E (over ring class extensions of K) becomes available and such that
ords=1L(E/K, s) = 1. By the Gross–Zagier formula, the basic Heegner point yK ∈ E(K) is
then non-torsion, which by Kolyvagin’s work implies that E(K) has rank 1. Since yK descends
to E(Q) precisely when L(E, s) vanishes to odd order at s = 1, the above implication follows.
A more recent major advance is Skinner’s converse [Ski14] to the theorem of Gross–Zagier
and Kolyvagin, taking the form of the implication
(1.2) rankZE(Q) = 1 and #Ш(E/Q)[p
∞] <∞ =⇒ ords=1L(E, s) = 1
for certain primes p of good ordinary reduction for E. The proof of (1.2) uses progress [Wan19]
towards an Iwasawa main conjecture over an auxiliary imaginary quadratic field K as before,
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which under the hypotheses of (1.2) implies yK /∈ E(Q)tors by the p-adic Gross–Zagier formula
of [BDP13], yielding the conclusion by the classical Gross–Zagier formula.
It is natural to wonder about the extension of these results for elliptic curves E/Q of rank
2. Since a stumbling block in this setting is the lack of a systematic construction of algebraic
points on E playing the role of Heegner points, a most urgent question to ask might be the
following:
Question 1.1. Let E be an elliptic curve over Q of rank 2, and choose an imaginary quadratic
field K with
(1.3) ords=1L(E/K, s) = ords=1L(E, s) = 2.
Can one use K to produce explicit nonzero classes in the p-adic Selmer group Sel(Q, VpE) for
suitable primes p?
Here Sel(Q, VpE) denotes the inverse limit under the multiplication-by-p maps of the usual
pn-descent Selmer groups Selpn(E/Q) ⊂ H1(Q, E[pn]) tensored with Qp, thus sitting in the
exact sequence
0→ E(Q)⊗Z Qp → Sel(Q, VpE)→ TpШ(E/Q)⊗Zp Qp → 0,
where TpШ(E/Q) should be trivial, since Ш(E/Q) is expected to be finite.
In this paper, for good ordinary primes p, we provide an affirmative answer to Question 1.1,
with condition (1.3) replaced by an algebraic counterpart:
rankZE(K) = rankZE(Q) = 2 and #Ш(E/Q)[p
∞] <∞.
Moreover, we prove analogues of the implications
yK /∈ E(Q)tors =⇒ dimQpSel(Q, VpE) = 1
and
rankZE(Q) = 1 and #Ш(E/Q)[p
∞] <∞ =⇒ yK /∈ E(Q)tors
appearing in the course of (1.1) and (1.2), respectively, in the rank 2 setting, with yK replaced
by certain generalized Kato classes in Sel(Q, VpE).
1.2. A conjecture of Darmon–Rotger for rank 2 elliptic curves. Following their spec-
tacular work [DR17a] on the Birch and Swinnerton-Dyer conjecture for elliptic curves twisted
by certain degree four Artin representations, Darmon–Rotger formulated in [DR16] a non-
vanishing criterion for the generalized Kato classes introduced in [DR17a]. In this paper, we
consider the special case of their conjectures concerned with elliptic curves of rank 2.
Let E/Q be an elliptic curve of conductor N , and let K be an imaginary quadratic field
of discriminant prime to N . Fix a prime p > 2 of good ordinary reduction for E, and assume
that p = pp splits in K. Let χ : GK = Gal(Q/K)→ C× be a ring class character of conductor
prime to Np with χ(p) 6= ±1, and set α := χ(p), β := χ(p).
Let f ∈ S2(Γ0(N)) be the newform associated with E by modularity, so that L(E, s) =
L(f, s), and let g and h be the weight 1 theta series of χ and χ−1, respectively. As explained
in [DR16] (in which g and h can be more general weight 1 eigenforms), attached to the triple
(f, g, h) and the prime p one has four generalized Kato classes
(1.4) κ(f, gα, hα−1), κ(f, gα, hβ−1), κ(f, gβ , hα−1), κ(f, gβ , hβ−1) ∈ H1(Q, Vfgh),
where Vfgh ≃ VpE ⊗ Vg ⊗ Vh is the tensor product of the p-adic representations associated to
f , g, and h. The class κ(f, gα, hα−1) arises as the p-adic limit
κ(f, gα, hα−1) = lim
ℓ→1
κ(f,gℓ,hℓ)
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as (gℓ,hℓ) runs over the classical weight ℓ > 2 specializations of Hida families g and h passing
through the p-stabilizations
gα := g(q)− βg(qp), hα−1 := h(q)− β−1h(qp),
in weight 1, and where κ(f,gℓ,hℓ) is obtained from the p-adic e´tale Abel–Jacobi image of cer-
tain higher-dimensional Gross–Kudla–Schoen diagonal cycles [GK92, GS95] on triple products
of modular curves.
One of the main results of [DR17a] is an explicit reciprocity law (just stated for κ(f, gα, hα−1)
here) of the form
(1.5) exp∗(resp(κ(f, gα, hα−1))) = (nonzero constant) · L(f ⊗ g ⊗ h, 1),
whereby the classes (1.4) land in the Bloch–Kato Selmer group Sel(Q, Vfgh) ⊂ H1(Q, Vfgh)
precisely when the triple product L-series L(f⊗g⊗h, s) vanishes at s = 1; the main conjecture
of [DR16] went further to predict that these classes span a non-trivial subspace of Sel(Q, Vfgh)
precisely when L(f ⊗ g ⊗ h, s) vanishes to order exactly 2 at s = 1.
Since for our specific g and h we have the factorization
L(f ⊗ g ⊗ h, s) = L(E, s) · L(EK , s) · L(E/K,χ2, s),(1.6)
where EK is the K-quadratic twist of E, arising from the decomposition
(1.7) Vfgh ≃
(
VpE ⊗ IndQK1
)⊕ (VpE ⊗ IndQKχ2),
the cases of the main conjecture of Darmon–Rotger concerned with elliptic curves of rank 2
may be stated as follows, where we let
(1.8) κα,α−1 , κα,β−1 , κβ,α−1 , κβ,β−1 ∈ H1(Q, VpE)
be the natural image of the classes (1.4) under the projection H1(Q, Vfgh)→ H1(Q, VpE).
Conjecture 1.2 (Darmon–Rotger). Assume that L(EK , 1) and L(E/K,χ2, 1) are both non-
zero. Then the following are equivalent:
(1) The classes (1.8) span a non-trivial subspace of Sel(Q, VpE).
(2) dimQp Sel(Q, VpE) = 2.
(3) rankZE(Q) = 2.
(4) ords=1L(E, s) = 2.
Remark 1.3. Of course, the equivalence of (2)⇔ (3) amounts to the finiteness ofШ(E/Q)[p∞],
and the equivalence (3)⇔ (4) is the rank 2 case of the Birch–Swinnerton-Dyer conjecture.
Conjecture 1.2 is a special case of [DR16, Conj. 3.2] and testing the predicted non-vanishing
criterion for (1.8) experimentally presented an “interesting challenge” at the time of its for-
mulation (see [loc.cit., §4.5.3]). As an application of the main results of this paper, numerical
examples supporting this conjecture will be presented in §6.
1.3. Main results. Let ρ¯E,p : GQ = Gal(Q/Q)→ AutFp(E[p]) be the residual Galois repre-
sentation associated to E, and write
N = N+N−
with N+ (resp. N−) divisible only by primes which are split (resp. inert) in K. Consider the
strict Selmer group defined by
Selstr(Q, VpE) := ker
(
Sel(Q, VpE)
logp→ Qp
)
,
where logp denotes the composition of the restriction map locp : Sel(Q, VpE) → E(Qp)⊗̂Qp
with the formal group logarithm E(Qp)⊗̂Qp → Qp.
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Theorem A. Assume that L(EK , 1) and L(E/K,χ2, 1) are both nonzero, and that
• ρ¯E,p is irreducible,
• N− is square-free,
• ρ¯E,p is ramified at every prime q|N−.
Then κα,β−1 = κβ,α−1 = 0 and the following statements are equivalent:
(i) The class κα,α−1 is a non-trivial element in Sel(Q, VpE).
(ii) dimQpSelstr(Q, VpE) = 1.
Remark 1.4. The hypotheses in Theorem A imply in particular that E has root number +1,
and either of the statements (i) or (ii) implies that L(E, 1) = 0 by [Kat04]. Thus the elliptic
curves in Theorem A all satisfy
(1.9) ords=1L(E, s) > 2.
On the other hand, if the root number of E is +1 and ρ¯E,p is irreducible and ramified at some
prime q, by [BFH90] and [Vat03] there exist infinitely many imaginary quadratic fields K and
ring class characters χ of prime-power conductor such that the following hold:
• q is inert in K,
• every prime factor of N/q splits in K,
• L(EK , 1) 6= 0 and L(E/K,χ2, 1) 6= 0.
Therefore, by Theorem A the generalized Kato classes (1.8) provide an explicit construction
of non-trivial Selmer classes for rank 2 elliptic curves analogous to the construction of Heegner
classes for rank 1 elliptic curves. The tables of §6 exhibit numerical examples satisfying the
rank part of the BSD conjecture and the hypotheses of Theorem A, yielding the first instances
of non-trivial generalized Kato classes for rank 2 elliptic curves.
Remark 1.5. Another construction of non-trivial classes in Sel(Q, VpE) for elliptic curves E/Q
satisfying (1.9) will appear in forthcoming work by Skinner–Urban (see [SU06, Urb13]). Their
construction of Selmer classes is completely different from that of generalized Kato classes,
and it would be very interesting to compare the two constructions.
We obtain immediately from Theorem A the following result towards Conjecture 1.2.
Corollary B. Let the hypotheses be as in Theorem A. If rankZE(Q) = 2 and Ш(E/Q)[p
∞]
is finite, then the generalized Kato classes κα,α−1 and κβ,β−1 are both non-zero and generate
the strict Selmer group Selstr(Q, VpE).
The above corollary has the flavor of a rank 2 analogue of Skinner’s converse to Kolyvagin’s
theorem [Ski14]. In the opposite direction, Theorem A also yields the following rank 2 analogue
of Kolyvagin’s theorem in terms of generalized Kato classes.
Corollary C. Let the hypotheses be as in Theorem A. Then the implication
κα,α−1 6= 0 =⇒ dimQp Sel(Q, VpE) = 2
holds.
1.4. Outline of the proofs. We conclude the Introduction with a sketch of the proof of the
implication (ii)⇒ (i) in Theorem A, establishing the non-vanishing of
κE,K := κα,α−1 ∈ H1(Q, VpE).
• Step 1: Euler system construction of Bertolini–Darmon theta elements.
Denote by Γ∞ the Galois group of the anticyclotomic Zp-extension of K. Building on gen-
eralizations of Gross’ explicit form of Waldspurger’s special value formula [Wal85, Gro87], one
can construct a p-adic L-function Θf/K ∈ ZpJΓ∞K interpolating “square-roots” of the central
critical values L(E/K,φ, 1), as φ runs over finite order characters of Γ∞ (see [BD96, CH18]).
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The element Θf/K has been widely studied in the literature, but its place in Perrin-Riou’s vi-
sion [PR00, LZ14], whereby p-adic L-functions ought to arise as the image of families of special
cohomology classes under generalized Coleman power series maps, remained mysterious.
Letting κ(f,gh) = {κ(f,gℓ,hℓ)}ℓ be the p-adic family of diagonal cycle classes giving rise
to κ(f, gα, hα−1) in the limit at ℓ→ 1, in §4 we prove that
(1.10) Colη(locp(κ(f,gh)) = Θf/K · (nonzero constant),
where Colη is a generalized Coleman power series map defined in terms of an anticyclotomic
variant of Perrin-Riou’s big exponential map. The proof of (1.10) combines a refinement of
the explicit reciprocity law of Darmon–Rotger [DR17a] with a factorization of the p-adic triple
product L-function [Hsi19].
• Step 2: Leading coefficient formula and derived p-adic heights.
Viewing (1.10) as an identity in the power series ring ZpJT K ≃ ZpJΓ∞K, its value at T = 0
recovers the implication
L(E, 1) = 0 =⇒ κE,K ∈ Sel(Q, VpE).
To further deduce the non-vanishing of κE,K we consider the leading coefficient of (1.10) at
T = 0. To that end, let
(1.11) Sel(K,VpE) = S
(1) ⊃ S(2) ⊃ · · · ⊃ S(r) ⊃ · · · ⊃ S(∞)
be the filtration defined by Bertolini–Darmon [BD95] and Howard [How04], and the associated
derived anticyclotomic p-adic height pairings
h(r) : S(r) × S(r) → Qp.
From the standard properties of h(r), one can easily see that if
Sel(Q, VpE) = Sel(K,VpE) and dimQp Sel(Q, VpE) = 2,
as we have under the hypotheses of Theorem A, the filtration (1.11) reduces to
Sel(Q, VpE) = S
(1) = S(2) · · · = S(r) and S(r+1) = S(r+2) = · · · = S(∞) = {0}
for some r > 2. Setting
ρ := ordT=0Θf/K(T ),
one can deduce that r > ρ from the work of Skinner–Urban [SU14]; in particular, Sel(Q, VpE) =
S(ρ). Based on the explicit Rubin-style formula for derived p-adic heights established in §3,
we prove that for any basis (P,Q) of Sel(Q, VpE), the ρ-th derived p-adic height h
(ρ)(P,Q) is
non-zero, and
κE,K =
θ¯f/K
h(ρ)(P,Q)
· (P ⊗ logpQ−Q⊗ logp P ) · (explicit nonzero constant in Q),
where θ¯f/K :=
(
d
dT
)ρ
Θf/K(T )|T=0 is the leading coefficient of Θf/K (see Corollary 5.1 for the
precise statement). This in particular implies the non-vanishing of κE,K .
Acknowledgements. We would like to thank John Coates, Dick Gross, and Barry Mazur
for their comments on earlier drafts of this paper.
2. Derived p-adic height pairings
In this section, we review the definition of the derived p-adic height pairings in [How04].
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2.1. Notation and definitions. Let p be a prime, let K be a number field, and let Σ be a
finite set of places of K containing the archimedean places and the places above p. Let KΣ be
the maximal algebraic extension of K unramified outside Σ and set GK,Σ = Gal(KΣ/K). Let
K∞/K be a Zp-extension in KΣ, and assume that all primes above p are totally ramified in
K∞. Denote by Kn be the subfield with of K∞ with [Kn : K] = p
n, and set Γn = Gal(Kn/K)
and Γ∞ = Gal(K∞/K). Let Λ = ZpJΓ∞K and let κΛ : GK,Σ → Gal(K∞/K) → Λ× be the
tautological character κΛ(σ) = σ|K∞ . Let ι : Γ∞ → Γ∞ be the involution γ 7→ γ−1, and for
any Λ-module M and k ∈ Z, let M{k} be the GK,Σ-module M on which GK,Σ acts via κkΛ.
Let O be a local ring finitely generated over Zp, let m be the maximal ideal of O, and put
ΛO = Λ⊗Zp O. Denote by ModO the category of O[GK,Σ]-modules finite free over O. For T
an object of ModO we let TΛ = T ⊗O ΛO{−1} be the GK,Σ-module T ⊗O ΛO twisted by κ−1Λ .
Let K be the localization of ΛO at the prime mΛO, and set P = K/ΛO. Likewise we define
TK = T ⊗O K{−1} and TP = T ⊗O P{−1}. We shall denote the limits
H1(K∞, T ) := lim−→
n
H1(Kn, T ), Ĥ
1(K∞, T ) := lim←−
n
H1(Kn, T )
with respect to the restriction and corestriction maps, respectively. Let
prKn : Ĥ
1(K∞, T )→ H1(Kn, T )
be the canonical projection map. Throughout we shall make use of the identification
H1(K,TΛ) = Ĥ
1(K∞, T )
deduced from [How04, Lem. 1.4] and Shapiro’s lemma. Let T ∗ = Hom(T,O(1)) and denote
by e : T × T ∗ → O(1) the canonical GK,Σ-equivariant perfect paring, which uniquely extends
to a perfect GK,Σ-equivariant pairing
eΛ : TΛ × T ∗Λ → ΛO(1)
characterized by
eΛ(t⊗ λ1, s ⊗ λ2) = λ1λι2eΛ(t, s)
for all λ1, λ2 ∈ ΛO.
For any place v of K and any finite extension L of Kv, let invL : H
2(L,O(1)) ≃ O be
the invariant map and let 〈 , 〉L : H1(L, T )×H1(L, T ∗)→ O be the perfect pairing 〈z, w〉L :=
invL(z ∪ w), and define the bilinear pairing
〈 , 〉K∞,v : H1(Kv , TΛ)×H1(Kv, T ∗Λ)→ H2(Kv ,ΛO(1)) ≃ ΛO
by 〈z,w〉K∞,v = invv(eΛ(z ∪w)). Fix a topological generator γ of Γ∞ and set
gn := γ
pn − 1 ∈ Λ.
Thus ΛO/(gn) ≃ O[Γn], and if z = (zn) ∈ H1(Kv , TΛ) = lim←−nH
1(Kn,v, T ) and w = (wn) ∈
H1(Kv , T
∗
Λ) = lim←−nH
1(Kn,v, T
∗), then
(2.1) 〈z,w〉K∞,v (mod gn) =
∑
τ∈Γn
〈zτ−1n ,wn〉Kn,vτ.
Let F = {H1F (Kv , TK)}v∈Σ be a Selmer structure on TK, namely a choice of K-submodule
H1F (Kv , TK) ⊂ H1(Kv, TK) for every v ∈ Σ, and let H1F (Kv , TP ) be the image of the natural
map H1F (Kv , TK) → H1(Kv , TP ) induced by the quotient K → P . Define the Selmer module
H1F (K,TP ) to be the kernel of the map
H1(GK,Σ, TP )→
∏
v∈Σ
H1(Kv, TP )/H
1
F (Kv, TP ).
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2.2. Abstract Rubin formula. In this subsection, we suppose that mm = 0 for somem > 0,
namely that O is Artinian. By [How04, Lem. 1.2], we then have
K =
∞⋃
n=0
ΛO
1
gn
.
Moreover, by [How04, Lem. 1.5] and Shapiro’s lemma, there is a natural isomorphism
(2.2) ηγ : H
1(K,TP ) = lim−→
n
H1(K,TΛ ⊗ ΛOg−1n /ΛO) ≃ lim−→
n
H1(Kn, TΛ/gnTΛ) = H
1(K∞, T ).
By definition, for z = {zn} ∈ Ĥ1(K∞, T ) we have
(2.3) ηγ(
z
γ − 1) = prK(z) ∈ H
1(K,T ).
For each n, let H1F (Kn, T ) be the Selmer module consisting of classes s ∈ H1(Kn, T ) such that
the image of s in H1(K∞, T ) belongs to ηγ(H
1
F (K,TP )). Thus
H1F (K∞, T ) = lim−→
n
H1F (Kn, T ) = ηγ(H
1
F (K,TP )).
Let J be the augmentation ideal of ΛO, i.e., the principal ideal of ΛO generated by γ− 1, and
for r > 0 put
(2.4) Y
(r)
T := H
1
F (K∞, T )[J ] ∩ Jr−1H1F (K∞, T ).
This defines a decreasing filtration Y
(1)
T ⊃ Y (2)T ⊃ Y (2)T ⊃ · · · .
Let F⊥ = {H1
F⊥
(Kv , T
∗
K)
}
v∈Σ
be the Selmer structure on T ∗K such that H
1
F⊥
(Kv , T
∗
K) and
H1F (Kv , TK) are orthogonal complements under local Tate duality for every v ∈ Σ, and let
[−,−]CT : H1F (K,TP )×H1F⊥(K,T ∗P )→ P
be the ΛO-adic Cassels–Tate pairing of [How04, Thm. 1.8]. The r-th derived height pairing
h
(r)
O (−,−) : Y (r)T × Y (r)T ∗ → Jr/Jr+1
in [How04, Def. 2.2] is defined by
h
(r)
O (z, w) :=(γ − 1)2 · [η−1γ (z), η−1γ (w)]CT
=(γ − 1)r+1 · [η−1γ (u), η−1γ (w)]CT,
writing z = (γ − 1)r−1u with u ∈ H1F (K,TP ). Note that [η−1γ (u), η−1γ (w)]CT ∈ (γ − 1)−1Λ/Λ,
so that h
(r)
O (z, w) belongs to J
r/Jr+1.
The following is a restatement of [How04, Thm. 2.5], which can be viewed as an abstract
generalization of Rubin’s formula [Rub94, Thm. 3.2(ii)] (cf. [Nek06, Prop. 11.5.11]).
Proposition 2.1. Let z ∈ Y (r)T and w ∈ Y (r)T ∗ . Suppose that there exist z ∈ H1(K,TΛ) and
wΣ = (wv) ∈
⊕
v∈ΣH
1
F⊥
(Kv , T
∗
Λ) such that prK(z) = z and prKv(wv) = locv(w). Then
h
(r)
O (z, w) = −
∑
v∈Σ
〈z,wv〉K∞,v (mod Jr+1).
Proof. Let y = η−1γ (z) ∈ H1F (K,TP ) and t = η−1γ (w) ∈ H1F⊥(K,T ∗P ). Choose cochains y˜ ∈
C1(GK,Σ, TK) and t˜ ∈ C1(GK,Σ, T ∗K) lifting s and t, respectively, let ǫ0 ∈ C2(GK,Σ, P (1)) be
such that dǫ0 = dy˜∪ t˜, and choose t˜Σ ∈
⊕
v∈Σ Z
1(GKv , T
∗
K) lifting locΣ(t˜) ∈
⊕
v∈Σ Z
1(Kv, T
∗
P ).
According to the definition of the Cassels–Tate pairing [How04, (2), p. 1321], we find that
(2.5) h
(r)
O (z, w) = (γ − 1)2 · [y, t]CT = (γ − 1)2 · invΣ(locΣ(y˜) ∪ t˜Σ − locΣ(ǫ0)).
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Let z˜ ∈ Z1(GK,Σ, TΛ) and w˜Σ ∈
⊕
v∈Σ Z
1(GKv , T
∗
Λ) be cocycles representing z and wΣ.
Then y˜ = z˜/(γ − 1) and t˜Σ = w˜Σ/(γ − 1) are liftings of z and tΣ, and using (2.5) with ǫ0 = 0
(note that dz˜ = 0), we obtain
h
(r)
O (z, w) = (γ − 1)2 · invΣ(eΛ(
locΣ(z˜)
γ − 1 ∪
w˜Σ
γ − 1))
= − invΣ(eΛ(locΣ(z) ∪wΣ)) = −
∑
v∈Σ
〈z,wv〉K∞,v (mod Jr+1).
This completes the proof. 
2.3. Derived p-adic heights for elliptic curves. Let E be an elliptic curve over K with
good ordinary reduction at every place above p. Let T = lim←−k E[p
k] be the p-adic Tate module
of E, and take Σ to consist of the archimedean places, the places above p, and the places of
bad reduction of E. Let Tk = E[p
k], and consider the modules Y
(r)
Tk
defined in (2.4) taking for
F the Selmer structure in [How04, Def. 3.2]. Since T ∗k = Tk and F⊥ = F by the Weil pairing,
the discussion of §2.2 yields a derived height pairing h(r)
Z/pkZ
on Y
(r)
Tk
×Y (r)Tk . The constructions
of Y
(r)
Tk
and hZ/pkZ are clearly compatible under the quotient map Z/p
k+1Z→ Z/pkZ, and in
the limit they define
Y
(r)
T := lim←−
k
Y
(r)
Tk
, h(r) := lim←−
k
h
(r)
Z/pkZ
.
According to [How04, Lem. 4.1] there is canonical isomorphism
(2.6) Y
(1)
T ⊗Zp Qp ≃ Sel(K,VpE).
Letting S
(r)
p (E/K) be the subspace of Sel(K,VpE) spanned by the image of Y
(r)
T ⊂ Y (1)T under
the isomorphism (2.6), we have S
(1)
p (E/K) = Sel(K,VpE) and for every r > 0 we obtain the
r-th derived p-adic height pairing
h(r) : S(r)p (E/K) × S(r)p (E/K)→ Jr/Jr+1 ⊗Zp Qp,
where J is the augmentation ideal of Λ = ZpJΓ∞K.
Corollary 2.2. Let z, w ∈ S(r)p (E/K). Suppose that there exist a global class z ∈ Ĥ1(K∞, T )
and local classes wv ∈ lim←−nH
1
fin(Kn,v, T ) for every v | p such that prK(z) = z and prKv(wv) =
locv(w). Then
h(r)(z, w) = −
∑
v|p
〈locv(z),wv〉K∞,v (mod Jr+1).
Proof. This follows from Proposition 2.1 and the fact that H1(Kn,v, T )⊗Qp = 0 for v ∤ p. 
3. Perrin-Riou’s theory for Lubin–Tate formal groups
In this section we explicitly compute the derived p-adic height pairings for elliptic curves
via Perrin-Riou’s big exponential maps.
3.1. Preliminaries. We begin by reviewing the generalization of Perrin-Riou’s theory [PR94]
to Lubin–Tate formal groups developed in [Kob18]. Throughout we fix a completed algebraic
closure Cp of Qp. Let Q
ur
p ⊂ Cp be the maximal unramified extension of Qp and let Fr ∈
Gal(Qurp /Qp) be the absolute Frobenius. Let F/Qp be a finite unramified extension and let
O = OF be the valuation ring of F . Put
R := OJXK.
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Let F = Spf R be a relative Lubin–Tate formal group of height one defined over O, and for
each n ∈ Z set F (n) := F ×SpecO,Fr−n SpecO. The Frobenius morphism ϕF ∈ Hom(F ,F (−1))
induces a homomorphism ϕF : R→ R defined by
ϕF (f) := f
Fr ◦ ϕF ,
where fFr is the conjugate of f by Fr. Let ψF be the left inverse of ϕF satisfying
ϕFψF (f) = p
−1
∑
x∈F [p]
f(X ⊕F x).
Let F∞ =
⋃∞
n=1 F (F [pn]) be the Lubin–Tate Z×p -extension associated with the formal group
F , and for every n > −1, let Fn be the subfield of F∞ with Gal(Fn/F ) ≃ (Z/pn+1Z)× (so
F−1 = F ). Letting G∞ = Gal(F∞/F ), there is a unique decomposition G∞ = ∆×ΓF∞, where
∆ ≃ Gal(F0/F ) is the torsion subgroup of G∞ and ΓF∞ ≃ Zp.
For every a ∈ Z×p , there is a unique formal power series [a](X) ∈ R such that
[a]Fr ◦ ϕF = ϕF ◦ [a] and [a](X) ≡ aX (mod X2).
Letting εF : G∞
∼→ Z×p be the Lubin–Tate character, we let σ ∈ G∞ act on R by
σ · f(X) := f([εF (σ)](X)),
thus making R into an OJG∞K-module.
Lemma 3.1. RψF=0 is free of rank one over OJG∞K.
Proof. This is a standard fact. See [Kob18, Prop. 5.4]. 
Let L ⊂ Cp be a finite extension overQp, and let V be a finite-dimensional L-vector space on
which GQp acts as a continuous L-linear crystalline representation. Let D(V ) = Dcris,Qp(V )
be the filtered ϕ-module associated with V over Qp and set
D∞(V ) := D(V )⊗Zp RψF=0 ≃ D(V )⊗Zp OJG∞K.
Let d : R → ΩR be the standard derivation. Fix an invariant differential ωF ∈ ΩR, and let
logF ∈ R⊗̂Qp the logarithm map satisfying logF (0) = 0 and d logF = ωF . Let also ∂ : R→ R
be defined by df = ∂f · ωF .
Let ǫ = (ǫn) ∈ TpF = lim←−nF
(n+1)[pn+1] be a basis of the p-adic Tate module of F , where
the inverse limit is with respect to the maps ϕFr
−(n+1)
: F (n+1)[pn+1] → F (n)[pn]. Following
[Kob18, p. 42], we associate to ǫ and ωF a p-adic period tǫ ∈ B+cris for F as follows. For each
n, there exists a unique isomorphism ϕ♭n : F (n) → F such that
ϕFr
−1 ◦ · · · ◦ ϕFr−(n−1) ◦ ϕFr−n = [pn] ◦ ϕ♭n.
Put wn := ϕ
♭
n(ǫn−1) ∈ F [pn], so that [p](wn) = wn−1 by definition. Let Ainf = Ainf(OCp/OF )
and θ : Ainf → OCp be as defined in [Fon94, §1.2.2]. It is not difficult to show that there is a
unique sequence (w˜n) of elements in F(Ainf) such that [p](w˜n) = w˜n−1 and θ(w˜n) = wn, and
we set tǫ := logF (w˜0) ∈ B+cris. This p-adic period tǫ satisfies
(3.1) Dcris,F (εF ) = Ft
−1
ǫ , ϕtǫ = ̟tǫ,
where ̟ is the uniformizer in F such that ϕ∗F (ω
Fr
F ) = ̟ · ωF .
Fix an extension ε˘F : Gal(F∞/Qp)→ L× of the Lubin–Tate character εF , and for each j ∈
Z let V 〈j〉 := V ⊗L ε˘jF denote the j-th Lubin–Tate twist of V . By definition, Dcris,F (V 〈j〉) =
D(V )⊗Qp Ft−jǫ . Define the derivation dǫ : D(V 〈j〉)→ D(V 〈j − 1〉) by
dǫf := ηtǫ ⊗ ∂g, where f = η ⊗ g ∈ Dcris,F (V 〈j〉) ⊗O RψF=0,
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and the map
∆˜: D∞(V )→
⊕
j∈Z
Dcris,F (V 〈−j〉)
1− ϕ
by f 7→ (∂jf(0)tjǫ (mod (1− ϕ))).
Remark 3.2. When F = Ĝm, we have F∞ = F (ζp∞), the corresponding Lubin–Tate character
is the p-adic cyclotomic character εcyc : GQp → Z×p , ϕĜm(f) = fFr((1+X)p−1), and ψĜm(f)
is given by the unique power series such that
ϕ
Ĝm
ψ
Ĝm
(f) = p−1
∑
ζp=1
f(ζ(1 +X)− 1).
If we take ω
Ĝm
to be the invariant differential (1+X)−1dX, then ∂ = (1+X) ddX and logĜm is
the usual logarithm log(1+X). In the following, we fix a sequence {ζpn}n=1,2,3,... of primitive
pn-th roots of unity with ζp
pn+1
= ζpn , and let t ∈ D(V ) be the p-adic period corresponding to
(ζpn+1 − 1) ∈ TpĜm.
3.2. Perrin-Riou’s big exponential map and the Coleman map. For a finite extension
K over Qp, let
expK,V : D(V )⊗Qp K → H1(K,V )
be Bloch–Kato’s exponential map [BK90, §3]. In this subsection, we recall the main properties
of Perrin-Riou’s map ΩV,h interpolating expF,V 〈j〉 as j runs over non-negative integers j.
Let V ∗ := HomL(V,L(1)) be the Kummer dual of V and denote by
[−,−]V : D(V ∗)⊗K ×D(V )⊗K → K ⊗Qp L
the K-linear extension of the de Rham pairing
〈 , 〉dR : D(V ∗)×D(V )→ L.
Let exp∗K,V : H
1(K,V )→ D(V )⊗K be the dual exponential map characterized uniquely by
TrK/Qp([x, exp
∗
K,V (y)]V ) = 〈expK,V ∗(x), y〉V ,
for all x ∈ D(V ∗)⊗K, y ∈ H1(K,V ).
Choose a GQp-stable OL-lattice T ⊂ V , and let
Ĥ1(F∞, T ) = lim←−
n
H1(Fn, T ), Ĥ
1(F∞, V ) = Ĥ
1(F∞, T )⊗Zp Qp
be the Iwasawa cohomology ZpJG∞K-modules associated with V . We denote by
Twj : Ĥ
1(F∞, V ) ≃ Ĥ1(F∞, V 〈j〉)
the twisting map by ε˘jF . For a non-negative real number r and any subfield K in Cp, we put
Hr,K(X) =
 ∑
n>0,τ∈∆
cn,τ · τ ·Xn ∈ K[∆]JXK | sup
n
|cn,τ |p n−r <∞ for all τ ∈ ∆
 ,
where |·|p is the normalized valuation of K with |p|p = p−1. Let γ be a topological generator of
ΓF∞, and denote by Hr,K(G∞) the ring of elements {f(γ−1): f ∈ Hr,K(X)}, so in particular
H0,K(G∞) = OKJG∞K⊗Qp. Put
H∞,K(G∞) =
⋃
r>0
Hr,K(G∞).
For n > −1, we define a map
Ξn,V : D(V )⊗Qp H∞,F (X)→ D(V )⊗Qp Fn
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by
Ξn,V (G) :=
{
p−(n+1)ϕ−(n+1)(GFr
−(n+1)
(ǫn)) if n > 0,
(1− p−1ϕ−1)(G(0)) if n = −1.
Let h be a positive integer such that D(V ) = Fil−hD(V ) and assume that H0(F∞, V ) = 0.
The next result on the construction of the big exponential map and its explicit interpolation
formulas is originally due to Perrin-Riou and Colmez for F = Ĝm, and extended by Kobayashi
and Shaowei Zhang to general relative Lubin–Tate formal groups of height one.
Theorem 3.3 (Perrin-Riou, Colmez, Kobayashi, Shaowei Zhang). Let Λ˜ := ZpJG∞K. There
exists a big exponential map
ΩǫV,h : D∞(V )
∆˜=0 → Ĥ1(F∞, T )⊗Λ˜ H∞,Qp(G∞)
which is Λ˜-linear and characterized by the following interpolation property. Let g ∈ D∞(V )∆˜=0.
If j > 1− h, then
prFn(Twj ◦ΩǫV,h(g)) = (−1)h+j−1(h+ j − 1)! · expFn,V 〈j〉(Ξn,V 〈j〉(d−jǫ G)) ∈ H1(Fn, V 〈j〉),
and if j 6 −h, then
exp∗Fn,V 〈j〉(prFn(Twj ◦ΩǫV,h(g))) =
1
(−h− j)! · Ξn,V 〈j〉(d
−j
ǫ G)) ∈ D(V 〈j〉) ⊗Qp Fn,
where G ∈ D(V )⊗Qp Hh,F (X) is a solution of the equation
(1− ϕ⊗ ϕF )G = g.
Moreover, if D[s] is a ϕ-invariant Qp-subspace of D(V ) such that all eigenvalues of ϕ on D[s]
have p-adic valuation s, then ΩǫV,h maps (D[s] ⊗Rψ=0)∆˜=0 into Ĥ1(F∞, T )⊗Λ˜ Hs+h,Qp(G∞).
Proof. In the case F = Ĝm, the construction of ΩǫV,h and its interpolation property at integers
j > 1 − h is due to Perrin-Riou [PR94, §3.2.3 The´ore`me, §3.2.4(i)], while the interpolation
formula at integers j 6 −h is a consequence of the “explicit reciprocity formula” proved by
Colmez [Col98, Thm. IX.4.5]. Their methods can be adapted to general relative Lubin–Tate
formal groups of height one after some necessary modifications; the details can be found in
[Kob18, App.] for the construction of ΩǫV,h and the interpolation at j > 1− h, and in [Zha04,
Thm. 6.2] for the explicit reciprocity formula. 
To introduce the Coleman map, we further assume the following hypothesis:
(3.2) D∞(V )
∆˜=0 = D∞(V ).
For simplicity, we shall write HK for H∞,K(G∞) in the sequel. We let
[−,−]V : D(V ∗)⊗Qp HF ×D(V )⊗Qp HF → L⊗Qp HF
be the pairing defined by
[η1 ⊗ λ1, η2 ⊗ λ2]V = 〈η1, η2〉dR ⊗ λ1λι2
for all λ1, λ2 ∈ HF . For any e ∈ RψF=0 and ǫ a generator of TpF , there is unique OLJG∞K-
linear Coleman map Colǫe : Ĥ
1(F∞, V
∗)→ D(V ∗)⊗Qp HF characterized by
(3.3) TrF/Qp([Col
ǫ
e(z), η]V ) = 〈z,ΩǫV,h(η ⊗ e)〉F∞ ∈ L⊗Qp HQp
for all η ∈ D(V ).
Let Q be the completion of Qurp in Cp, let W be the ring of integers of Q, and set F urn =
FnQ
ur
p . Let σ0 ∈ Gal(F ur∞ /Qp) be such that σ0|Qurp = Fr is the absolute Frobenius. Fix an
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isomorphism ρ : Ĝm ≃ F defined over W and let ρ :WJT K ≃ R⊗OW be the map defined by
ρ(f) = f ◦ ρ−1. Then we have
ϕF ◦ ρ = ρFr ◦ ϕĜm .
Let e ∈ RψF=0 be a generator over OJG∞K and write ρ(1+X) = he·e for some he ∈ WJG∞K.
This implies that e(0) ∈ O×. Now we fix ǫ = (ǫn)n=0,1,2,... to be the generator of TpF given
by
ǫn = ρ
Fr−(n+1)(ζpn+1 − 1) ∈ F (n+1)[pn+1].
Let η ∈ D(V ) be such that ϕη = αη and of slope s (i.e. |α|p = p−s). For every z ∈ Ĥ1(F∞, V ∗),
we define
Colη(z) :=
[F :Qp]∑
j=1
[
Colǫe(z
σ−j0 ), η
]
· he · σj0 ∈ Hs+h,LQ(G˜∞),
where G˜∞ := Gal(F∞/Qp), and [−,−] : D(V ∗)⊗HQ×D(V )→ HLQ is the image of [−,−]V
under the natural map L⊗Qp HQ → HLQ.
For any integer j, put
z−j,n := prFn(Tw−j(z)) ∈ H1(Fn, V ∗〈−j〉).
We say that a finite order character χ of G˜∞ has conductor p
n+1 if n is the smallest integer
> −1 such that χ factors through Gal(Fn/Qp).
Theorem 3.4. Suppose that Fil−1D(V ) = D(V ) and let h = 1. Let ψ be a p-adic character
of G˜∞ such that ψ = χε˘
j
F with χ a finite order character of conductor p
n+1. If j < 0, then
Colη(z)(ψ) =
(−1)j−1
(−j − 1)!
×

[
logF,V ∗〈−j〉 z−j,n ⊗ t−j , (1− pj−1ϕ−1)(1 − p−jϕ)−1η
]
if n = −1,
p(n+1)(j−1)τ (ψ)
∑
τ∈Gal(Fn/Qp)
χ−1(τ)
[
logFn,V ∗〈−j〉 z
τ
−j,n ⊗ t−j, ϕ−(n+1)η
]
if n > 0.
If j > 0, then
Colη(z)(ψ) = j!(−1)j
×

[
exp∗F,V ∗〈−j〉 z−j,n ⊗ t−j, (1 − pj−1ϕ−1)(1− p−jϕ)−1η
]
if n = −1,
p(n+1)(j−1)τ (ψ)
∑
τ∈Gal(Fn/Qp)
χ−1(τ)
[
exp∗Fn,V ∗〈−j〉 z
τ
−j,n ⊗ t−j, ϕ−(n+1)η
]
if n > 0.
Here τ (ψ) is the Gauss sum defined by
τ (ψ) :=
∑
τ∈Gal(F urn /F
ur)
ψε−jcyc(τσ
n+1
0 )ζ
τσn+10
pn+1
.
Proof. This follows from the explicit reciprocity formula in Theorem 3.3 and the computation
and in [Kob18, Thm. 5.10] (cf. [LZ14, Thm. 4.15]). 
3.3. The derived p-adic heights and the Coleman map. Let E be an elliptic curve over
Q with good ordinary reduction at p, and let V = TpE⊗Zp L with L a finite extension of Qp.
We have Fil−1D(V ) = D(V ) and V ∗ = V . Let ωE be the Ne´ron differential of E, regarded
as an element in D(H1et(E/Q,Qp)). We fix an embedding ιp : Q →֒ Cp, and for any subfield
H ⊂ Q, let Hˆ denote the completion of ιp(H) in Cp.
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Let K be an imaginary quadratic field in which p = pp splits, with p the prime of K above
p induced by ιp. Let K∞ be the anticyclotomic Zp-extension of K, and set Γ∞ = Gal(K∞/K)
and Γˆ∞ = Gal(Kˆ∞/Qp). For any integer c > 0 let Hc be the ring class field of K of conductor
c, and choosing c to be prime to p, put F = Hˆc. Let ξ ∈ K be a generator of p[F :Qp] and let
F∞ be the Lubin–Tate Zp-extension over F associated with ξ/ξ. By [Kob18, Prop. 3.7] we
have F∞ =
⋃∞
n=0 Hˆcpn, and hence F∞ is a finite extension of Kˆ∞. Moreover, hypothesis (3.2)
holds since D(V )ϕ
[F :Qp]=(ξ/ξ)j = {0} for any j ∈ Z, given that the ϕ-eigenvalues of D(V ) are
p-Weil numbers while ξ/ξ is a 1-Weil number.
Let αp ∈ Z×p be the p-adic unit eigenvalue of the Frobenius map ϕ acting on D(V ), and let
η ∈ D(V ) = D(H1et(E/Q,Qp))⊗D(L(1)) be a ϕ-eigenvector of slope −1 such that
ϕη = p−1αp · η and 〈η, ωE ⊗ t−1〉dR = 1.
Let e ∈ RψF=0 be a generator over OF JG∞K such that e(0) = 1. Applying the big exponential
map ΩǫV,1 in Theorem 3.3, we define
(3.4) wη = ΩǫV,1(η ⊗ e) ∈ Ĥ1(F∞, V ).
The following lemma is a standard fact.
Lemma 3.5. We have
prF (w
η) = expF,V
(
1− p−1ϕ−1
1− ϕ η
)
∈ H1(F, V ).
Proof. Let g = η ⊗ e and let G(X) ∈ D(V )⊗H1,Q(X) such that (1 − ϕ ⊗ ϕF )G = g. Then
we have
G(ǫ0) = η ⊗ e(ǫ0)− η + (1− ϕ)−1η.
The equation ψFe(X) = 0 implies∑
ζ∈FFr−1 [p]
eFr
−1
(X ⊕F ζ) = 0.
It follows that
TrF0/F (G
Fr−1(ǫ0)) =
∑
τ∈Gal(F0/F )
η ⊗ e(ǫτ0)− η + (1− ϕ)−1η =
pϕ− 1
1− ϕ η,
and hence
prF (w
η) = corF0/F (Ξ0,V (G)) = expF,V TrF0/F
(
p−1ϕ−1(GFr
−1
(ǫ0))
)
= expF,V
(
(1− p−1ϕ−1)(1− ϕ)−1η) .
This completes the proof. 
Lemma 3.6. Let Q
cyc
p be the cyclotomic Z
×
p -extension of Qp. Let σcyc ∈ Gal(F ur∞ /Qp) be the
Frobenius such that σcyc|Qcycp = 1 and σcyc|Qurp = Fr. For each z ∈ Ĥ1(Kˆ∞, V ), we have
〈z, corF∞/Kˆ∞(w
η)〉Kˆ∞ = prKˆ∞(Col
η(z))
[F :Qp]∑
i=1
σicyc|Kˆ∞
[F∞ : Kˆ∞] · hFrie
∈ WJΓˆ∞)K⊗Qp.
Proof. We first recall that for every e ∈ (R⊗OW)ψF=0, the big exponential map ΩǫV,1(η ⊗ e)
in Theorem 3.3 is given by
ΩǫV,1(η ⊗ e) = (expFn,V (Ξn,V (Ge)))n=0,1,2,...,
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where Ge ∈ D(V ) ⊗H1,Q(X) is a solution of (1 − ϕ ⊗ ϕF )Ge = η ⊗ e. By the definition of
Ge, we verify that
(3.5)
Ξn,V (Ge) = p
−(n+1)(ϕ−(n+1) ⊗ 1)GFr−(n+1)e (ǫn)
=
∞∑
m=0
(pϕ)−(n+1)ϕmη ⊗ eFrm−(n+1)(ǫn−m)
=
n+1∑
m=0
(pϕ)−(n+1)ϕmη ⊗ eFrm−(n+1)(ǫn−m) + p−(n+1)(1− ϕ⊗ Fr)−1(η ⊗ e(0)).
Put zn = prKˆn(z) and Gˆn = Gal(Fn/F ). Following the computation in [Kob18, Thm. 5.10],
we find that
[
prKˆn(Col
ǫ
e(z)), η
]
is given by
(3.6)
∞∑
m=0
∑
γ∈Gˆn
exp∗
Kˆn,V
(z
γ−1σn+1−m0
n )γ,
∑
τ∈Gˆn
(pϕ)−(n+1)ϕmη ⊗ eFrm−(n+1)(ǫn−m)τσ
n+1−m
0 τ |Kˆn
 .
On the other hand,
prKˆn(〈z, corF∞/Kˆ∞(wη)〉Kˆ∞) =
1
[F∞ : Kˆ∞]
[F :Qp]∑
j=1
prKˆn(〈zσ
−j
0 ,wη〉F∞)σj0|Kˆ∞ ,
and prKˆn(〈zσ
−j
0 ,wη〉F∞) equals
∑
γ∈Gˆn
〈zσ
−j
0 γ
−1
n , expFn,V (Ξn,V (Ge)〉Fnγ|Kˆ∞ = TrFn/Qp
∑
γ∈Gˆn
exp∗
Kˆn,V
(z
σ−j0 γ
−1
n )γ|Kˆ∞ ,Ξn,V (Ge)

V

=
∞∑
m=0
[F :Qp]∑
i=1
∑
γ∈Gˆn
exp∗
Kˆn,V
(z
γ−1σi−j+n+1−m0
n )γ,
∑
τ∈Gˆn
(pϕ)−(n+1)ϕmη ⊗ eFrm−(n+1)(ǫn−m)τσ
i+n+1−m
0 τ |Kˆn

=
[F :Qp]∑
i=1
[
prKˆn(Col
ǫ
e(z
σ−j0 )σ
i
0), η
]
.
From this, it follows immediately that
(3.7)
prKˆn(〈z, corF∞/Kˆ∞(wη)〉Kˆ∞) =
1
[F∞ : Kˆ∞]
[F :Qp]∑
j=1
[F :Qp]∑
i=1
[
prKˆn(Col
ǫ
e(z
σ−j0 )σ
i
0), η
]
σj0
=
1
[F∞ : Kˆ∞]
[F :Qp]∑
i=1
(Colη(z))σ
i
0 · 1
h
σi0
e
.
On the other hand, by definition,
Colη(z) =
[F :Qp]∑
j=1
[
Colǫgρ(z
σ−j0 ), η
]
σj0
with gρ = ρ(1+X). From (3.6) with e = gρ and the fact that g
σm−n−10
ρ (ǫn−m) = ζpn+1−m ∈ Qcycp ,
we deduce that [
Colǫgρ(z
σ−j0 )σ
i
0 , η
]
=
[
Colǫgρ(z
σ−j0 σ
i
cyc), η
]
,
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so (Colη(z))σ
i
0 = Colη(z) · σicyc. Now the lemma follows from (3.7). 
Now we give a formula for the derived p-adic heights over K in terms of the Coleman map
over F∞. For every prime v of K above p, let H
1
fin(Kv, V ) ⊂ H1(Kv, V ) be the Bloch–Kato
finite subspace, and set
(3.8) logωE ,v = 〈logKv,V (−), ωE ⊗ t−1〉dR : H1fin(Kv , V )→ L.
Since p is a prime of good reduction for E, by [BK90, Cor. 3.8.4] we have H1exp(Kv, V ) =
H1fin(Kv, V ), where H
1
exp(Kv , V ) ⊂ H1(Kv, V ) is the image of expKv,V . For the ease of notation,
we write Colη(−) for prKˆ∞(Colη(−)) in what follows.
Proposition 3.7. Let z, x ∈ S(r)p (E/K)⊗Qp L, and suppose that there exists z ∈ Ĥ1(K∞, V )
such that prK(z) = z. If Col
η(locv(z)) ∈ JrWJΓˆ∞K⊗Qp for some v ∈ {p, p}, then
h(r)(z, x) = −1− p
−1αp
1− α−1p
· 1
[F∞ : Kˆ∞]
× (logωE ,p(x)Colη(locp(z)) + logωE ,p(x)Colη(locp(z))) (mod Jr+1WJΓˆ∞K⊗Qp),
where x and z are the complex conjugates of x and z.
Proof. Let wp := corF∞/Kˆ∞(w
η) ∈ Ĥ1fin(Kˆ∞, V ). Since dimQp H1fin(Qp, V ) = 1, we can write
locp(x) = c · prQp(wp) = c · corF/Qp(prF (wη))
for some c ∈ Qp. By Lemma 3.5,
〈logQp,V (locp(x)), ωE ⊗ t−1〉dR = c[F : Qp] ·
〈
1− p−1ϕ−1
1− ϕ η, ωE ⊗ t
−1
〉
dR
.
Since ϕη = p−1αp · η, this shows that
c =
1− p−1αp
1− α−1p
· [F : Qp]−1 · logωE ,p(x).
Applying Corollary 2.2, we find that that
h(r)(z, x) = −(1− p−1αp)(1− α−1p )−1[F : Qp]−1
×
(
logωE ,p(x) · 〈locp(z),wp〉Kˆ∞ + logωE ,p(x) · 〈locp(z),wp〉Kˆ∞
)
(mod Jr+1).
Since ρ(1 + X) = he · e and e(0) = 1, we find that 1 = e(0) · (he|γ=1) and hence he ≡ 1
(mod J). The assertion now follows from the above equation and Lemma 3.6. 
4. Euler system construction of theta elements
In this section we prove Theorem 4.7, recovering the square-root anticyclotomic p-adic L-
functions of Bertolini–Darmon [BD96] (in the definite case) as the image of a p-adic family of
diagonal cycles [DR17a] under the Coleman map of §3.2.
4.1. Ordinary Λ-adic forms. Fix a prime p > 2. Let I be a normal domain finite flat over
Λ := OJ1 + pZpK, where O is the ring of integers of a finite extension L/Qp. We say that a
point x ∈ Spec I(Qp) is locally algebraic if its restriction to 1+pZp is given by x(γ) = γkxǫx(γ)
for some integer kx, called the weight of x, and some finite order character ǫx : 1+pZp → µp∞ ;
we say that x is arithmetic if it has weight kx > 2. Let X
+
I be the set of arithmetic points.
16 F. CASTELLA AND M.-L. HSIEH
Fix a positive integer N prime to p, and let χ : (Z/NpZ)× → O× be a Dirichlet character
modulo Np. Let So(N,χ, I) be the space of ordinary I-adic cusp forms of tame level N and
branch character χ, consisting of formal power series
f(q) =
∞∑
n=1
an(f)q
n ∈ IJqK
such that for every x ∈ X+I the specialization fx(q) is the q-expansion of a p-ordinary cusp
form fx ∈ Skx(Nprx+1, χω2−kxǫx). Here rx > 0 is such that ǫx(1+p) has exact order prx , and
ω : (Z/pZ)× → µp−1 is the Teichmu¨ller character.
We say that f ∈ So(N,χ, I) is a primitive Hida family if for every x ∈ X+I we have that fx
is an ordinary p-stabilized newform (in the sense of [Hsi19, Def. 2.4]) of tame level N . Given
a primitive Hida family f ∈ So(N,χ, I), and writing χ = χ′χp with χ′ (resp. χp) a Dirichlet
modulo N (resp. p), there is a primitive f ι ∈ So(N,χpχ′, I) with Fourier coefficients
aℓ(f
ι) =
{
χ′(ℓ)aℓ(f) if ℓ ∤ N ,
aℓ(f)
−1χpω
2(ℓ)〈ℓ〉Iℓ−1 if ℓ | N ,
having the property that for every x ∈ X+I the specialization f ιx is the p-stabilized newform
attached to the character twist fx ⊗ χ′.
By [Hid86] (cf. [Wil88, Thm. 2.2.1]), attached to every primitive Hida family f ∈ So(N,χ, I)
there is a continuous I-adic representation ρf : GQ → GL2(Frac I) which is unramified outside
Np and such that for every prime ℓ ∤ Np,
tr ρf (Frobℓ) = aℓ(f), det ρf (Frobℓ) = χω
2(ℓ)〈ℓ〉Iℓ−1,
where 〈ℓ〉 ∈ I× is the image of ℓω−1(ℓ) under the natural map 1+pZp → OJ1 + pZpK× = Λ× →
I×. In particular, letting 〈εcyc〉I : GQ → I× be defined by 〈εcyc〉I(σ) = 〈εcyc(σ)〉I, it follows
that ρf has determinant χ
−1
I ε
−1
cyc, where χI : GQ → I× is given by χI := σχ〈εcyc〉−2〈εcyc〉I,
with σχ the Galois character sending Frobℓ 7→ χ(ℓ)−1. Moreover, by [Wil88, Thm. 2.2.2] the
restriction of ρf to GQp is given by
(4.1) ρf |GQp ∼
(
ψf ∗
0 ψ−1f χ
−1
I ε
−1
cyc
)
where ψf : GQp → I× is the unramified character with ψf (Frobp) = ap(f).
4.2. Triple product p-adic L-function. Let
(f ,g,h) ∈ So(Nf , χf , If )× So(Ng , χg, Ig)× So(Nh, χh, Ih)
be a triple of primitive Hida families. Set
R := If ⊗ˆOIg⊗ˆOIh,
which is a finite extension of the three-variable Iwasawa algebra R0 := Λ⊗ˆOΛ⊗ˆOΛ, and define
the weight space XfR for the triple (f ,g,h) in the f -dominated unbalanced range by
(4.2) XfR :=
{
(x, y, z) ∈ X+If × X
cls
Ig × XclsIh : kx > ky + kz and kx ≡ ky + kz (mod 2)
}
,
where XclsIg ⊃ X+Ig (and similarly XclsIh ) is the set of locally algebraic points in Spec Ig(Qp) for
which gx(q) is the q-expansion of a classical modular form.
For φ ∈ {f ,g,h} and a positive integer N prime to p and divisible by Nφ, define the space
of Λ-adic test vectors So(N,χφ, Iφ)[φ] to be the Iφ-submodule of S
o(N,χφ, Iφ) generated by
{φ(qd)}, as d ranges over the positive divisors of N/Nφ.
For the next result, set N := lcm(Nf , Ng , Nh), and consider the following hypothesis:
(Σ−) for some (x, y, z) ∈ XfR, we have εq(f◦x,g◦y,h◦z) = +1 for all q | N .
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Here εq(f
◦
x,g
◦
y,h
◦
z) denotes the local root number of the Kummer self-dual twist of the Galois
representations attached to the newforms f◦x, g
◦
y, and h
◦
z corresponding to fx, gy, and hz,
respectively.
Theorem 4.1. Assume that the residual representation ρ¯f satisfies
(CR) ρ¯f is absolutely irreducible and p-distinguished,
and that, in addition to (Σ−), the triple (f ,g,h) satisfies
(ev) χfχgχh = ω
2a for some a ∈ Z,
(sq) gcd(Nf , Ng, Nh) is square-free.
Then there exist Λ-adic test vectors (f˘
⋆
, g˘⋆, h˘
⋆
) and an element
L
f
p (f˘
⋆
, g˘⋆, h˘
⋆
) ∈ R
such that for all (x, y, z) ∈ XfR of weight (k, ℓ,m):
ν(x,y,z)(L
f
p (f˘
⋆
, g˘⋆, h˘
⋆
)2) =
Γ(k, ℓ,m)
2α(k,ℓ,m)
· E(fx,gy,hz)
2
E0(fx)2 · E1(fx)2
·
∏
q|N
cq ·
L(f◦x ⊗ g◦y ⊗ h◦z, c)
π2(k−2) · ‖f◦x‖2
,
where:
• c = (k + ℓ+m− 2)/2,
• Γ(k, ℓ,m) = (c− 1)! · (c−m)! · (c− ℓ)! · (c+ 1− ℓ−m)!,
• α(k, ℓ,m) ∈ R is a linear form in the variables k, ℓ, m,
• E(fx,gy,hz) = (1−
βfxαgyαhz
pc )(1−
βfxβgyαhz
pc )(1 −
βfxαgyβhz
pc )(1−
βfxβgyβhz
pc ),
• E0(fx) = (1− βfxαfx ), E1(fx) = (1−
βfx
pαfx
),
and ‖f◦x‖2 is the Petersson norm of f◦x on Γ0(Nf ).
Proof. See [Hsi19, Thm. A]. More specifically, the construction of L fp (f˘
⋆
, g˘⋆, h˘
⋆
) under hy-
potheses (CR), (ev), and (sq) is given in [Hsi19, §3.6] (where it is denoted L fF ), and the proof
of its interpolation property assuming (Σ−) is contained in [Hsi19, §7]. 
4.3. Triple tensor product of big Galois representations. Let (f ,g,h) be a triple of
primitive Hida families with χfχgχh = ω
2a for some a ∈ Z. For φ ∈ {f ,g,h}, let Vφ be the
natural lattice in (Frac Iφ)
2 realizing the Galois representation ρφ in the e´tale cohomology of
modular curves (see [Oht00]), and set
Vfgh := Vf ⊗ˆOVg⊗ˆOVh.
This has rank 8 overR, and by hypothesis its determinant can be written as detVfgh = X 2εcyc
for a p-ramified Galois character X taking the value (−1)a at complex conjugation. Similarly
as in [How07, Def. 2.1.3], we define the critical twist
V†fgh := Vfgh ⊗ X−1.
More generally, for any multiple N of Nφ one can define Galois modules Vφ(N) by working in
tame level N ; these split non-canonically into a finite direct sum of the Iφ-adic representations
Vφ (see [DR17a, §1.5.3]), and they define V†fgh(N) for any N divisible by lcm(Nf , Ng, Nh).
If f is a classical specialization of f with associated p-adic Galois representation Vf , we let
Vf,gh be the quotient of Vfgh given by
Vf,gh := Vf ⊗O Vg⊗ˆIVh.
Denote by V†f,gh the corresponding quotient of V
†
fgh, and by V
†
f,gh(N) its level N counterpart.
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4.4. Theta elements and factorization. We recall the factorization proven in [Hsi19, §8].
Let f ∈ S2(pNf ) be a p-stabilized newform of tame level Nf defined over O, let f◦ ∈ S2(Nf )
be the associated newform, and let αp = αp(f) ∈ O× be the Up-eigenvalue of f . Let K be an
imaginary quadratic field of discriminant DK prime to Nf . Write
Nf = N
+N−
with N+ (resp. N−) divisible only by primes which are split (resp. inert) in K, and choose
an ideal N+ ⊂ OK with OK/N+ ≃ Z/N+Z.
We assume that pOK = pp splits in K, with p the prime of K above p induced by our fixed
embedding ιp : Q →֒ Cp. Let Γ∞ = Gal(K∞/K) be the Galois group of the anticyclotomic
Zp-extension of K, fix a topological generator γ ∈ Γ∞, and identity OJΓ∞K with the one-
variable power series ring OJT K via γ 7→ 1 + T . For any prime-to-p ideal a of K, let σa be
the image of a in the Galois group of the ray class field K(p∞)/K of conductor p∞ under the
geometrically normalized reciprocity law map.
Theorem 4.2. Let χ be a ring class character of K of conductor cOK with values in O, and
assume that:
(i) (pNf , cDK) = 1,
(ii) N− is the square-free product of an odd number of primes,
(iii) ρ¯f is absolutely irreducible and p-distinguished,
(iv) if q|N− is a prime with q ≡ 1 (mod p), then ρ¯f is ramified at q.
Then there exists a unique element Θf/K,χ(T ) ∈ O[[T ]] such that for every p-power root of
unity ζ ∈ Qp:
Θf/K,χ(ζ − 1)2 =
pn
α2np
· Ep(f, χ, ζ)2 · L(f
◦/K ⊗ χǫζ , 1)
(2π)2 · Ωf◦,N−
· u2K
√
DKχǫζ(σN+) · εp,
where:
• n > 0 is such that ζ has exact order pn,
• ǫζ : Γ∞ → µp∞ be the character defined by ǫζ(γ) = ζ,
• Ep(f, χ, ζ) =
{
(1− α−1p χ(p))(1 − αpχ(p)) if n = 0,
1 if n > 0,
• Ωf◦,N− = 4 · ‖f◦‖2Γ0(Nf◦) · η
−1
f◦,N− is the Gross period of f
◦,
• σN+ ∈ Γ∞ is the image of N+ under the geometrically normalized Artin’s reciprocity
map,
• uK = |O×K |/2, and εp ∈ {±1} is the local root number of f◦ at p.
Proof. See [BD96] for the first construction, and [CH18, Thm. A] for the stated interpolation
property. 
When χ is the trivial character, we write Θf/K,χ(T ) simply as Θf/K(T ). Suppose now that
f is the specialization of a primitive Hida family f ∈ So(Nf , I) with branch character χf = 1
at an arithmetic point x1 ∈ X+I of weight 2. Let ℓ ∤ pNf be a prime split in K, and let χ be a
ring class character of K of conductor ℓmOK for some even m > 0. Set C = DKℓ2m and let
g = θχ(S2) ∈ So(C,ω−1ηK/Q,OJS2K), h = θχ−1(S3) ∈ So(C,ω−1ηK/Q,OJS3K)
be the primitive CM Hida families constructed in [Hsi19, §8.3], where ηK/Q is the quadratic
character associated to K. The p-adic triple product L-function of Theorem 4.1 for this triple
(f ,g,h) is an element in R = IJS2, S3K; in the following we let
L
f
p (f˘
⋆, g˘⋆h˘
⋆
) ∈ OJSK
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denote the restriction to the “line” S = S2 = S3 of its image under the specialization map at
x1.
Let K∞ be the Z
2
p-extension of K, and let Kp∞ denote the p-ramified Zp-extension in K∞,
with Galois group Γp∞ = Gal(Kp∞/K). Let γp ∈ Γp∞ be a topological generator, and for the
formal variable T let ΨT : Gal(K∞/K)→ OJT K× be the universal character defined by
(4.3) ΨT (σ) = (1 + T )
l(σ), where σ|Kp∞ = γl(σ)p .
Denoting by the superscript c the action of the non-trivial automorphism of K/Q, the char-
acter Ψ1−cT factors through Γ∞ and yields an identification OJΓ∞K ≃ OJT K corresponding to
the topological generator γ1−cp ∈ Γ∞. Let pb be the order of the p-part of the class number
of K. Hereafter, we shall fix v ∈ Z×p such that vp
b
= εcyc(γ
pb
p ) ∈ 1 + pZp. Let K(χ,αp)/K
(resp. K(χ)/K) be the finite extension obtained by adjoining to K the values of χ and αp
(resp. the values of χ).
Proposition 4.3. Set T = v−1(1 + S)− 1. Then
L
f
p (f˘
⋆, g˘⋆h˘
⋆
) = ±Ψc−1T (σN+) ·Θf/K(T ) · Cf,χ ·
√
Lalg(f/K ⊗ χ2, 1),
where Cf,χ ∈ K(χ,αp)×and
Lalg(f/K ⊗ χ2, 1) := L(f/K ⊗ χ
2, 1)
π2Ωf◦,N−
∈ K(χ).
Proof. This is the factorization formula of [Hsi19, Prop. 8.1] specialized to S = S2 = S3, using
the interpolation property of Θf/K,χ2(T ) at ζ = 1. 
Remark 4.4. The factorization of Proposition 4.3 reflects the decomposition of Galois repre-
sentations
(4.4) V†f,gh =
(
Vf (1)⊗ IndQKΨ1−cT
)⊕ (Vf (1)⊗ IndQKχ2).
4.5. Euler system construction of theta elements. For the rest of the paper, assume that
f , g = θχ(S), and h = θχ−1(S) are as in §4.4, viewing the latter two in So(C,ω−1ηK/Q,OJSK).
Keeping the notations from §4.3, by [DR16, §1] there exists a class
(4.5) κ(f,gh) ∈ H1(Q,V†f,gh(N))
constructed from twisted diagonal cycles on the triple product of modular curves of tame level
N (we shall briefly recall the construction of this class in Theorem 4.6 below), where we may
take N = lcm(Nf , C).
Every triple of test vectors F˘ = (f˘ , g˘, h˘) defines a Galois-equivariant projection
pr
F˘
: H1(Q,V†f,gh(N))→ H1(Q,V†f,gh)
and we let
(4.6) κ(f˘ , g˘h˘) := pr
F˘
(κ(f,gh)) ∈ H1(Q,V†f,gh).
Since Ψ1−cT gives the universal character of Γ∞ = Gal(K∞/K), by (4.4) and Shapiro’s lemma
we have the equalities
H1(Q,V†f,gh) = H
1(Q, Vf (1)⊗ IndQKΨ1−cT )⊕H1(Q, Vf (1)⊗ IndQK χ2)
= Ĥ1(K∞, Vf (1)) ⊕H1(K,Vf (1)⊗ χ2).
(4.7)
Let g and h be the weight 1 eigenform θχ and θχ−1 , respectively, so that the specialization of
(g,h) at T = 0 (⇔ S = v − 1) is a p-stabilization of the pair (g, h).
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Lemma 4.5. Assume that L(f ⊗ g ⊗ h, 1) = 0 and that L(f/K ⊗ χ2, 1) 6= 0. Then for every
choice of test vectors F˘ = (f˘ , g˘, h˘) we have:
(1) κ(f˘ , g˘h˘) ∈ Ĥ1(K∞, Vf (1)).
(2) locp(κ(f˘ , g˘h˘)) = 0 ∈ Ĥ1(K∞,p, Vf (1)).
Proof. Let κ = κ(f˘ , g˘h˘) and for every ? ∈ {f,g,h}, let F 0V? be the rank one subspace of V?
fixed by the inertia group at p. By (4.7), in order to prove (1) it suffices to show that some
specialization of κ has trivial image in H1(K,Vf (1) ⊗ χ2). Let
κf˘ ,g˘h˘ := κ|S=v−1 ∈ H1(Q, Vfgh) = H1(K,Vf (1)) ⊕H1(K,Vf (1) ⊗ χ2),
where Vfgh := Vf (1)⊗Vg ⊗Vh. As noted in [DR17a, p. 634], the Selmer group Sel(Q, Vfgh) ⊂
H1(Q, Vfgh) is given by
Sel(Q, Vfgh) = ker
(
H1(Q, Vfgh)
∂p◦locp→ H1(Qp, V −f (1)⊗ Vg ⊗ Vh)
)
,
where ∂p is the natural map induced by the projection Vf ։ V
−
f := Vf/F
0Vf , and so
(4.8) Sel(Q, Vfgh) = Sel(K,Vf (1)) ⊕ Sel(K,Vf (1)⊗ χ2).
The implications L(f ⊗ g ⊗ h, 1) = 0 ⇒ κf˘ ,g˘h˘ ∈ Sel(Q, Vfgh) and L(f/K ⊗ χ2, 1) 6= 0 ⇒
Sel(K,Vf (1)⊗χ2) = 0, which follow from [DR17a, Thm. C] and [CH15, Thm. 1], respectively,
thus yield assertion (1).
We proceed to prove (2). We know that the local class locp(κ) belongs to H
1(Qp, F
+V†fgh),
where
F+V†fgh :=
(
F 0Vf (1)⊗ F 0Vg ⊗ Vh + F 0Vf (1) ⊗ Vg ⊗ F 0Vh + Vf (1)⊗ F 0Vg ⊗ F 0Vh
)⊗ X−1
is a rank four subspace of V†fgh (see [DR17a, Cor. 2.3]). In our case where (g,h) = (θχ,θχ−1),
we have
F+V†fgh = Vf (1) ⊗Ψ1−cT + F 0Vf (1) ⊗ (χ2 ⊕ χ−2),
where ΨT is viewed as a character of GQp via the embedding K →֒ Qp induced by p. From
part (1) of the lemma, it follows that
locp(κ) = (locp(κ), locp(κ)) ∈ H1(Kp, Vf (1)⊗Ψ1−cT )⊕ {0}
⊂ H1(Kp, Vf (1) ⊗Ψ1−cT )⊕H1(Kp, Vf (1) ⊗Ψc−1T ) = H1(Qp, Vf (1)⊗ IndQK Ψ1−cT ).
We thus conclude that locp(κ) = 0, and hence locp(κ) = 0. 
From now on, assume that f◦ ∈ S2(Nf ) is the newform corresponding to an elliptic curve
E/Q with good ordinary reduction at p. In particular, Vf (1) ≃ VpE, and under the conditions
in Lemma 4.5 we have the class κ(f˘ , g˘h˘) ∈ Ĥ1(K∞, VpE ⊗ L).
The following key theorem is a variant of the “explicit reciprocity law” of [DR17a, Thm. 5.3]
in our setting in terms of the Coleman map constructed in 3.2.
Theorem 4.6 (Darmon–Rotger). Assume that L(f⊗g⊗h, 1) = 0 and that L(f/K⊗χ2, 1) 6= 0.
Then locp(κ(f˘
⋆, g˘⋆h˘
⋆
)) = 0 and
(4.9) L fp (f˘
⋆, g˘⋆h˘
⋆
) = αp/2 · (1− α−1p ap(g)ap(h)−1) · Colη(locp(κ(f˘⋆, g˘⋆h˘
⋆
))),
where F˘
⋆
= (f˘⋆, g˘⋆, h˘
⋆
) is the triple of test vectors from Theorem 4.1.
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Proof. The first claim is immediate from Lemma 4.5. For the proof of the second, we begin
by briefly recalling from [DR17a, §1] the construction of the class κ(f,gh) in (4.5). In the
following, all references are to [DR17a] unless otherwise stated.
Consider the triple product of modular curves over Q:
Ws,s := X0(Np)×Xs ×Xs,
where X0(Np) and Xs are the classical modular curves attached to the congruence subgroups
Γ0(Np) and Γ1(Np
s), respectively, and the model for the latter is the one for which the cusp
∞ is defined over Q. The group G(N)s := (Z/NpsZ)× acts on Xs by the diamond operators
〈a; b〉 (a ∈ (Z/NZ)×, b ∈ (Z/psZ)×), and we let
Ws := Ws,s/Ds
be the quotient ofWs,s by the action of the subgroup Ds ⊂ G(N)s ×G(N)s consisting of elements
of the form (〈a; b〉, 〈a; b−1〉). Let ♭∆s,s ∈ CH2(Ws,s)(Q(ζs)) be the class in the Chow group
defined by the “twisted diagonal cycle” defined in (41), and let ♭∆s ∈ CH2(Ws)(Q(ζs)) denote
its natural image under the projection prs : Ws,s → Ws. By Proposition 1.4, after applying
the correspondence εs,s in (47) the cycle ∆s,s becomes null-homologous, and so
∆s := εs,s(
♭∆s) ∈ CH2(Ws)0(Q(ζs)),
letting εs,s still denote the linear endomorphism of CH
2(Ws) defined by the above correspon-
dence. Let εs : GQ → (Z/psZ)× be the mod ps cyclotomic character, and let X†s be the twist
of Xs by the cocycle σ ∈ GQ 7→ 〈1; ǫs(σ)〉. By Proposition 1.6, we may alternatively view
∆s ∈ CH2(W †s )0(Q),
where W †s the quotient of W
†
s,s := X0(Np)×Xs ×X†s be a diamond action defined as before.
Consider the p-adic e´tale Abel–Jacobi map
AJet : CH
2(W †s )0(Q)→ H1(Q,H3et(W †s /Q,Zp)(2)).
Let eord = limn U
n!
p be Hida’s ordinary projector. Set
(4.10) V ords,s := H
1
et(X0(Np)/Q,Zp)⊗ eord(H1(Xs/Q,Zp)(1)) ⊗ eord(H1(X†s /Q,Zp)(1)),
and let V ords := (V
ord
s,s )Ds denote the Ds-coinvariants. Let ̟2 : Xs+1 7→ Xs be the degeneracy
map given by τ 7→ pτ on the complex upper half plane, which naturally defines
(4.11) (̟2,2)∗ = (1,̟2,̟2)∗ : V
ord
s+1,s+1 → V ords,s .
Let κ˜s ∈ H1(Q, V ords ) denote the image of AJet(∆s) under the composite map
H1(Q,H3et(W
†
s /Q,Zp)(2))
εs,spr
−1
s,∗εs,s→ H1(Q,H3et(W †s /Q,Zp)Ds(2))
(1,eord,eord)pr1,1,1→ H1(Q, (V ords,s )Ds) = H1(Q, V ords ),
where the first arrow is defined by Lemma 1.8, and pr1,1,1 is the projection onto the (1, 1, 1)-
component in the Ku¨nneth decomposition for H3et(W
†
s /Q,Zp). By Proposition 1.9, we have
(̟2,2)∗(κ˜s+1) = (1, Up, 1)(κ˜s), and hence we obtain the compatible family
κ∞ := lim←−
s
(1, Up, 1)
−s(κ˜s) ∈ H1(Q,Vord∞ ), where Vord∞ := lim←−
s
Vords ,
with limit with respect to the maps induced by (4.11). The triple (f,g,h) defines a natural
projection ̟f,g,h : V
ord
∞ → V†f,gh(N), and following Definition 1.15 one sets
κ(f,gh) := ̟f,gh(κ∞) ∈ H1(Q,V†f,gh(N));
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this is the class in (4.5). Now, to prove the equality (4.9) in the theorem, it suffices to show that
both sides agree at infinitely many points. Let x ∈ X+I have weight 2 with ζ := ǫx(1+p) ∈ µp∞
a primitive ps-th root of unity, and set
κ(f,gxhx) := κ(f,gh)|T=ζv−1.
Directly from the definitions (cf. Proposition 2.5), we have
(4.12) κ(f,gxhx) = ap(gx)
−s ·̟f,gx,hx(AJet(∆s)) ∈ H1(Q, Vfgxhx(N)),
where Vfgxhx(N) is the (f,gx,hx)-isotypic component of (4.10), and ̟f,gx,hx is the projection
to that component. By Corollary 2.3 and (77), the image of κ(f,gxhx) in the local cohomology
group H1(Qp(ζ), Vfgxhx(N)) lands in the Bloch–Kato finite subspace H
1
fin(Qp(ζ), Vfgxhx(N)) ⊂
H1(Q, Vfgxhx(N)), and so we may consider the image logp(κ(f,gxhx)) of this restriction under
the Bloch–Kato logarithm map
logp : H
1
fin(Qp(ζ), Vfgxhx(N))→ (Fil0Dfgxhx(N))∨,
where Dfgxhx(N) := (Bcris ⊗ Vfgxhx(N))GQp(ζ) , and the dual is with respect to the de Rham
pairing 〈 , 〉dR. By the de Rham comparison isomorphism, we have
Dfgxhx(N) ≃ H1dR(X0(Np)/Qp(ζ))[f ]×H1dR(Xs/Qp(ζ))(1)[gx]×H1dR(Xs/Qp(ζ))(1)[hx].
As in p. 639, attached to the test vectors (f˘ , g˘x, h˘x) one has the de Rham classes (η
◦
f˘∗
, ω◦g˘x , ω
◦
h˘x
),
and comparing Proposition 2.10 and Corollary 2.11 we deduce from (4.12) that
〈logp(κ(f,gxhx)), η◦f˘∗ ⊗ ω
◦
g˘x
ω◦
h˘x
〉dR = ap(gx)−s〈AJp(∆s), η◦f˘∗ ⊗ ω
◦
g˘x
ω◦
h˘x
〉dR
= E(f,gx,hx) · g(ǫx) · αs−1p ap(gx)−sap(hx)−s · f˘∗(g˘xH˘ιx),
where H˘ιx = d
−1h˘
ι
x is the primitive of h˘
ι
x given by part (3) of Corollary 4.5, and E(f,gx,hx) =
−2(1− α−1p ap(gx)ap(hx)−1)−1. Consider the formal q-expansion
H˘
ι
(q) :=
∑
p∤n
〈n−1〉an(h˘)qn.
Taking (f˘ , g˘, h˘) to be the test vectors F˘
⋆
from Theorem 4.1 above, the construction in [Hsi19,
§3.6] yields L fp (f˘ , g˘h˘) = f˘∗(g˘H˘ ι). Since by construction H˘ ι specializes at x to H˘ιx, we thus
see as in the proof of Theorem 4.16 that
(4.13)
〈logp(κ(f,gxhx)), η◦f˘∗⊗ω
◦
g˘x
ω◦
h˘x
〉dR = E(f,gx,hx)·g(ǫx)·αs−1p ap(gx)−sap(hx)−s ·L fp (f˘ , g˘h˘)(x).
On the other hand, letting ψx := ΨT |T=ζv−1, we obtain that (gx,hx) is a pair of theta series
attached to the characters (χψ−1x , χ
−1ψ−1x ) of GK with ap(gx) = χψ
−1
x (σp) and ap(hx) =
χ−1ψ−1x (σp). Moreover, we have
ǫx|GQp = ψ1+cx |GKp · ε−1cyc; ψc−1x = φxε˘−1F
for some finite order character φx of Gal(F∞/Qp), viewing the character in the left-hand side of
this equality as character on Gal(F∞/F ) by composition with Gal(F∞/F ) ⊂ Gal(F∞/Qp)։
Gal(K∞,p/Kp) ⊂ Γ∞. Setting η = η◦f˘∗ ⊗ t
−1 and zx = locp(κ(f˘
⋆, g˘⋆h˘
⋆
))x, we thus see that
〈logp(κ(f,gxhx)), η◦f˘∗ ⊗ ω
◦
g˘x
ω◦
h˘x
〉dR = 〈logp(zx)⊗ t, η〉dR
= g(ǫx) · αspap(gx)−sap(hx)−s · Colη(zx)(ψc−1x ),
(4.14)
using Theorem 3.4 with j = −1 for the last equality. Comparing (4.13) with (4.14) and letting
s vary, the result follows. 
We can now immediately deduce the following key cohomological construction of Θf/K :
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Theorem 4.7. With notations and assumptions as in Theorem 4.6, we have
Colη(locp(κ(f˘
⋆, g˘⋆h˘
⋆
))) = ±Ψc−1T (σN+) ·Θf/K(T ) ·
√
Lalg(E/K ⊗ χ2, 1) · 2Cf,χ
αp(1− α−1p χ(p)2)
,
where Cf,χ ∈ K(χ,αp)× is the non-zero algebraic number as in Proposition 4.3.
Proof. Note that ap(g)ap(h)
−1 = χ(p)2. The theorem thus follows immediately from Propo-
sition 4.3 and Theorem 4.6. 
4.6. Generalized Kato classes. Set α = χ(p), and denote by (gα, hα−1) the weight 1 forms
obtained by specializing the Hida families (g,h) at S = v − 1. Thus gα (resp. hα−1) is the
p-stabilization of the theta series g = θχ (resp. h = θχ−1) having Up-eigenvalue α (resp. α
−1).
By specialization, the OJSK-adic class in (4.6) yields the class
κ(f, gα, hα−1) := κ(f˘ , g˘h˘)|S=v−1 ∈ H1(Q, Vfgh),
where Vfgh := Vf ⊗ Vg ⊗ Vh. Setting β = χ(p) and alternatively changing the roles of p and p
in the construction g and h we thus obtain the four generalized Kato classes
(4.15) κ(f, gα, hα−1), κ(f, gα, hβ−1), κ(f, gβ , hα−1), κ(f, gβ , hβ−1) ∈ H1(Q, Vfgh).
From now on, we assume that α 6= ±1, so that the four classes (4.15) are a priori distinct.
Recall that f is the p-stabilization of the newform associated to an elliptic curve E/Q, so
that Vf (1) ≃ VpE, and let κα,α−1 , κα,β−1 , κβ,α−1 , κβ,β−1 ∈ H1(K,VpE⊗L) be the image of the
classes (4.15) under the map H1(Q, Vfgh)→ H1(K,VpE ⊗ L) induced by (1.7).
Corollary 4.8. Assume that L(E/K, 1) = 0 and that L(f/K ⊗ χ2, 1) 6= 0. Then:
(1) κα,α−1 , κβ,β−1 ∈ Sel(K,VpE ⊗ L).
(2) κα,β−1 = κβ,α−1 = 0.
Proof. By the factorization (1.6), the inclusions in part (1) follow from the proof of Lemma 4.5.
To see part (2), we make use of the 3-variable generalized Kato class
κ := κ(f ,g,h′)(S1, S2, S2) ∈ H1(Q,V†fgh′)
defined in [DR17b, §3.7 (119)] attached to the triple f = f(S1), g = θχ(S2) and h′ = θχ(S3).
Thus κ(f, gα, hβ−1) is the specialization κ((1 + p)
2 − 1,v − 1,v − 1). Let
κ′ := κ((1 + p)2 − 1,v(1 + T )− 1,v(1 + T )−1 − 1) ∈ H1(Q,V†
fgh′
),
where V†
fgh′
≃ VpE ⊗
(
IndQK χ
2 ⊕ IndQK Ψ1−cT
)
. As in Lemma 4.5, by [DR17b, Prop. 3.28] the
class locp(κ
′) belongs to H1(Qp, F
+V†
fgh′
), where
F+V†
fgh′
= VpE ⊗ χ−2 + F 0VpE ⊗ (Ψ1−cT ⊕Ψ1−cT ).
It follows that the projection κ′V of κ
′ into Ĥ1(K∞, VpE) is crystalline at p, and hence κ
′
V
is a Selmer class for VpE over the anticyclotomic Zp-extension K∞/K. Since the space of
such universal norms is trivial by Cornut–Vatsal [CV05] (the sign of E/K is +1 in our case),
this shows that κ′V = 0 and therefore κ(f, gα, hβ−1) = κα,β−1 = 0. The vanishing of κβ,α−1 is
shown in the same manner. 
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5. Proof of the main theorem
Proof of Theorem A. Let V = VpE ⊗Qp L and S = Sel(K,V ). Let S(r) := S(r)p (E/K) ⊗Qp L
be the subspaces in §2.3 and S(∞) be the subspace of anticyclotomic universal norms. By
[How04, Thm. 4.2] we have the filtration
(5.1) S = S(1) ⊃ S(2) ⊃ · · · ⊃ S(r) ⊃ S(r+1) ⊃ · · · ⊃ S(∞),
and S(r+1) is the null space of the r-th derived height pairing h(r) : S(r)×S(r) → Jr/Jr+1⊗L.
In addition, by [How04, Remark 1.12, Thm. 4.2] we have for every x, y ∈ S(r)
(5.2) h(r)(x, y) = (−1)r+1h(r)(y, x); h(r)(xτ , yτ ) = (−1)rh(r)(x, y),
where τ denotes the complex conjugation. Since L(EK , 1) 6= 0, we have Sel(Q, VpEK) = {0}
by Kolyvagin’s work [Kol88] (or Kato’s [Kat04]), and so letting S+ be the subspace of S fixed
by τ , this shows
S = S+.
By (5.2), this implies that h(1) is identically zero, and so S = S(2); by the same argument,
S(r) = S(r+1) for every odd r > 1. On the other hand, S(∞) = {0} by Cornut–Vatsal [CV05].
We first prove the implication (ii) ⇒ (i). Suppose that dimQp Selstr(Q, VpE) = 1. By
p-parity [Nek01], this implies that dimQp Sel(Q, VpE) = 2 and the composite map
logωE ,p : S = Sel(K,V )
locp→ H1fin(Kp, V )
(3.8)→ L
is nonzero. Under our hypotheses we have
dimLS = dimQpSel(Q, VpE) = 2.
In view of (5.2), we thus find that (5.1) reduces to
(5.3) S = S(1) = S(2) = · · · = S(r) and S(r+1) = · · · = S(∞) = {0}
for some (even) integer r > 2 and the derived p-adic height h(r) is a non-degenerate pairing
on S(r).
Let X∞ be the Pontryagin dual of Selp∞(E/K∞), which is known to be Λ-torsion [BD05].
Let J ⊂ Λ be the augmentation ideal, and fix a pseudo-isomorphism
(5.4) X∞ ∼M ⊕M ′, with M ≃ (Λ/J)e1 ⊕ (Λ/J2)e2 ⊕ · · ·
withM ′ a torsion Λ-module having characteristic ideal prime to J . By [How04, Cor. 4.3(c)] we
have ei = dimL(S
(i)/S(i+1)); letting Lp ∈ Λ be a generator of the principal ideal charΛ(X∞),
combining (5.3) and (5.4) this shows that
ordJLp = 2r.
On the other hand, by our hypotheses on ρ¯E,p the divisibility in the Iwasawa main conjecture
due to Skinner–Urban [SU14] (see [loc.cit., §3.6.3]) implies that (Θ2f/K) ⊃ (Lp), and so
(5.5) r > ρ := ordJ(Θf/K).
Let θ¯f/K be the leading coefficient of Θf/K defined by
θ¯f/K := Θf/K(T ) (mod J
ρ+1) ∈ Jρ/Jρ+1.
From (5.3) and (5.5) we see that S = S(ρ). Thus combining the derived p-adic height formula
in Proposition 3.7, Theorem 4.7, and part (2) of Lemma 4.5, we deduce that for every x ∈
S(ρ) = S we have
(5.6) h(ρ)(κα,α−1 , x) =
1− p−1αp
1− α−1p
· θ¯f/K · logωE ,p(x) · C,
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where αp is the p-adic unit root of X
2−ap(E)X+p = 0 and C is a non-zero algebraic number
with C2 ∈ K(χ,αp)×. Since θ¯f/K 6= 0 and as noted above our hypotheses imply that the map
logωE ,p is nonzero, we see that r = ρ and the non-vanishing of κα,α−1 follows.
Now we proceed to establish the implication (i)⇒ (ii). Suppose that κα,α−1 6= 0. We shall
prove that dimL S = 2 and logωE ,p is a nonzero map. Consider again the filtration (5.1). Then
the combination of Proposition 3.7, Theorem 4.7, and part (2) of Lemma 4.5 shows that the
class κα,α−1 belongs to S
(ρ) with ρ = ordJ(Θf/K); in particular, S
(ρ) 6= 0. With notations as
in (5.4), this implies that er0 6= 0 for some even r0 > ρ, and so er0 > 2 by (5.2). On the other
hand, we have
2ρ > e1 + 2e2 + · · ·+ rer + · · ·
according to the divisibility in the Iwasawa main conjecture due to Bertolini–Darmon [BD05]
(see also [PW11]). This implies that eρ = 2 and er = 0 if r 6= ρ. We thus conclude that
dimLS = 2 and h
(ρ) is non-degenerate on S(ρ) = S. In light of (5.6), this shown that the map
logωE ,p is non-zero, yielding the proof of the implication (i)⇒ (ii). 
The following is an immediate consequence of the height formula (5.6):
Corollary 5.1. The class κα,α−1 mod Q
×
depends only on K, not on the auxiliary choice
of ring class character χ. Moreover, as elements in E(Q)⊗Z L, we have
κα,α−1 = C ·
1− p−1αp
1− α−1p
· θ¯f/K
h(ρ)(P,Q)
· (P ⊗ logpQ−Q⊗ logp P )
for any basis (P,Q) of E(Q)⊗Z Q.
This suggests that the refined conjecture [DR16, Conj. 3.12] in this case should follow from
the p-adic Birch–Swinnerton-Dyer formula of [BD96, Conj. 4.3].
6. Numerical examples
In this section, we give examples of elliptic curves of rank 2 having non-trivial generalized
Kato classes. To be more precise, we consider elliptic curves E/Q with
ords=1L(E, s) = rankZE(Q) = 2
and conductor N ∈ {q, 2q} with q an odd prime. We take a square-free integer −∆ < 0 such
that K = Q(
√−∆) has class number one, q is inert in K, and L(EK , 1) 6= 0, and take a prime
p > 3 of good ordinary prime for E which is split in K and such that E[p] is an irreducible
GQ-module. For every triple (E, p,−∆), letting f ∈ S2(Γ0(N)) be the newform associated to
E, we give numerical examples where the associated theta element
ΘE/K(T ) = Θf/K(T ) ∈ ZpJT K
vanishes to order exactly 2 at T = 0. When that is the case, by the work of Bertolini–
Darmon [BD95, BD05] on the anticyclotomic Iwasawa main conjecture1 (see [BD05, Cor. 3]),
it follows thatШ(E/K)[p∞] is finite. Moreover, the residual representation E[p] must ramify
at N− = q by [Rib90, Thm. 1.1] and we checked that E[p] is irreducible, either by [Maz78] for
p > 11 or checking that the elliptic curves we consider have no rational m-isogeny for m > 3
according to Cremona’s tables. Thus for every ring class character χ with L(E/K,χ2, 1) 6= 0
(as one can always find by virtue of [Vat03, Thm. 1.4], as extended in [CH18, Thm. D]), the
examples below provide instances where the generalized Kato class κE,K is a nonzero class in
the 2-dimensional Sel(Q, VpE) by virtue of Corollary B.
To explain these numerical examples, we prepare some notation. Let B/Q be the definite
quaternion algebra of discriminant q. Let R be an Eichler order of level N/q and Cl(R) be
1As extended by Pollack–Weston [PW11] to allow for weaker hypotheses.
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the class group of R. Let fE : Cl(R)→ Z be the (p-adically normalized) Hecke eigenfunction
associated with f by the Jacquet–Langlands correspondence. Fix an optimal embedding
OK →֒ R and an isomorphism ip : R ⊗ Zp ≃ M2(Zp) such that ip(K) lies in the subspace of
diagonal matrices. For a ∈ Z×p and an integer n, put
rn(a) = i
−1
p (
(
1 ap−n
0 1
)
) ∈ B̂×, B̂ := B ⊗Z Ẑ.
Consider the sequence {P an}n=0,1,... of right R-ideals defined by P an := (rn(a)R̂) ∩ B. The
images of these ideals P an in Cl(R) are usually referred to Gross points of level p
n. Letting
u = 1 + p, we define the n-th theta element ΘE/K,n(T ) ∈ Zp[T ] by
ΘE/K,n(T ) :=
1
αn+1p
pn−1∑
i=0
∑
a∈µp−1
(
αp · fE(P auin )− fE(P au
i
n+1)
)
(1 + T )i.
By the definition of theta elements in [BD96, §2.7], if K has class number one, we then have
ΘE/K(T ) ≡ ΘE/K,n(T ) (mod (1 + T )p
n − 1).
Since (pn, (1+T )p
n −1) ⊂ (pn, T p) and p > 2, to check the vanishing ΘE/K(T ) to exact order
2 at T = 0, it suffices to compute ΘE/K,n(T ) for sufficiently large n. The following examples
were obtained by implementing the Brandt module package in SAGE.
E p −∆ ΘE/K,2(T ) mod (p2, T p)
389a1 11 −2 10T 2 + 69T 3 + T 4 + 103T 5 + 106T 6 + 66T 7 + 11T 8 + 55T 9 + 110T 10
433a1 11 −7 88T 2 + 22T 3 + 86T 4 + 7T 5 + 10T 6 + 12T 7 + 29T 8 + 88T 9 + 48T 10
446c1 7 −3 22T 2 + 27T 3 + 3T 4 + 16T 5 + 11T 6
563a1 5 −1 18T 2 + 9T 3 + 5T 4
643a1 5 −1 T 2 + 21T 4
709a1 11 −2 27T 2 + 114T 3 + 3T 4 + 14T 5 + 36T 6 + 15T 7 + 42T 8 + 44T 9 + 91T 10
718b1 5 −19 3T 2 + 20T 3 + 12T 4
794a1 7 −3 47T 2 + 23T 3 + 8T 4 + 24T 5 + 7T 6
997b1 11 −2 71T 2+41T 3+83T 4+19T 5+114T 6+111T 7+101T 8+46T 9+102T 10
997c1 11 −2 54T 2 + 38T 3 + 36T 4 + 81T 5 + 82T 6 + 18T 7 + 72T 8 + 95T 9 + 4T 10
1034a1 5 −19 22T 2 + 4T 3 + 6T 4
1171a1 5 −1 6T 2 + 6T 3 + 20T 4
1483a1 13 −1 128T 2 + 148T 3 + 127T 4 + 162T 5 + 30T 6 + 149T 7 + 141T 8 + 97T 9 +
49T 10 + 13T 11 + 29T 12
1531a1 5 −1 16T 2 + 7T 3 + 21T 4
1613a1 17 −2 128T 2 + 165T 3 + 224T 4 + 287T 5 + 140T 6 + 211T 7 + 147T 8 + 160T 9 +
59T 10 + 122T 11 + 195T 12 + 43T 13 + 207T 14 + 214T 15 + 285T 16
1627a1 13 −1 101T 2 + 151T 3 + 58T 4 + 104T 5 + 3T 6 + 165T 7 + 128T 8 + 63T 9 +
17T 10 + 55T 11 + 166T 12
1907a1 13 −1 72T 2 + 131T 3 + 32T 4 + 142T 5 + 84T 6 + 104T 7 + 90T 8 + 105T 9 +
38T 10 + 92T 11 + 116T 12
1913a1 7 −3 41T 2 + 16T 3 + 28T 4 + 23T 5 + 14T 6
2027a1 13 −1 54T 2 + 128T 3 + 65T 4 + 93T 5 + 83T 6 + 161T 7 + 113T 8 + 133T 9 +
49T 10 + 151T 11 + 13T 12
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E p −∆ ΘE/K,3(T ) mod (p3, T p)
571b1 5 −1 100T 2 + 100T 3 + 15T 4
1621a1 11 −2 1089T 2+807T 4+986T 5+586T 6+1098T 7+772T 8+228T 9+1296T 10
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